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Abstract

Parameter estimation involves fitting experimental data to a model of the system, representgd 4§y Here p are the parameters to
be estimated and are other parameters of the model which are assumed to be known. It is usual to assyadhatown precisely. In
many casesg; are known only approximately and it is desired to understand (a) how the uncertainty affects the estimate3 lobw to
eliminate the dependence pfon . Both effects can be accommodated by the use of Bayesian probability and treatingataneters as
extraneous variables. Because the errors in the model fitting, i.e., the difference between the data and the model, are fynitt@oeasafs
are correlated although they still may be of zero mean. In addition correlation may exist in the data. These correlations have a substantial
effect on the precision of the estimated parameters and require more sophisticated analysis than is usually employed in the least squar
approach to determining.

This paper presents the fundamentals of considering uncertain parameters and applies them to a hypothetical experiment involving ar
uncertain, but constant, parameter and to a real experiment in which the data are cross and autocargglagditions scientifiques et
médicales Elsevier SAS. All rights reserved.

1. Introduction capable of sampling at high rates and it is not uncommon
for the measurements to be correlated. When this occurs, the

Model parameters are usually estimated by minimizing weighting matrix is full and the problem is more difficult
the sum of the squares of the differences between mea-phecause

surements and the model predictions. These differences are

termed ‘errors’ and it is common to assume that the errors (3) the correlation must be determined, and

have zero mean and are independent and identically distrib-(p) the full matrix often leads to a computationally expen-
uted. Lacking more specific information, the errors are of- sive solution.

ten assumed to be normally distributed. In the case where

the measurements are known to have differing standard de-fyica| parameter estimation assumes that all other para-
viations, a weighted least squares method is used. In elthermeters of the model are known. When they are not, then

case, the mathematics is straight forward and the minimiza- problem becomes one of estimating several parameters

tion of the least squares is not comput{;\tlpnally d_lfflcult. In and the relatively simple minimization problem becomes a
some cases, the system of equations is ill-conditioned and - . L
more complex multidimensional minimization problem. If

some special techniques, referred to as regularization, may, .
be needed for the estimate to converge [1]. the boundary conditions are unknown, then there may be as

The estimation may be made either by minimizing the many unknown parameters as measurements. For example,
sum of the errors squared or by solving an equivalent set if the surface heat flux is to be estimated and the model is a
of non-linear algebraic equations with a weighting matrix finite difference simulation ove¥ time steps, then there are

which is diagonal. Modern data acquisition systems are N values of the flux to estimate, all of which may be corre-
lated. This may make the problem practically impossible.

—_— o Under some conditions, approximate values of the heat
This article |safo||c_>W upanmmunlcatlon presented by_the author; at flux may be known. If a measure of the uncertainty of

the EUROTHERM Seminar 68, “Inverse problems and experimental design . . . . .

in thermal and mechanical engineering”, held in Poitiers in March 2001. the hea_t ﬂu_x is available, it maY_be _pOSSIble to take this
E-mail address: emery@u.washington.edu (A.F. Emery). uncertainty into account and to maintain the problem at a low
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Nomenclature

bc boundary conditions N(a, b) Gaussian distribution with a mean of
B uncertain parameter and a variance af
Big Biot number att =0 sought after parameter

mean value of?
estimated value of

E[e]  expected value of
f(e)  probability density (pdf) o

NSO )

f(T|P) conditional probability off" given P theat flux
P rior pdf of P me
Jpr(P) priorp temperature

F (P, B,t) model of the system

[Fb] matrix of sensitivities to boundary conditions {7} column vector of temperatures

: T}T  transpose ofT
Fo Fourier number . E/V} covarFi)ance rfna}trix oP
h convective heat transfer coefficient e noise, error
ic initial conditions oc product of density and specific heat
k thermal conductivity og standard deviation o
T information oA standard deviation of the noise
LS sum of uncorrelated errors squared op standard deviation af
L sum of correlated errors squared 01;2 precision ofP
I(T) likelihood of T opr[x]  standard deviation of the prior distribution.of
N number of readings b)) covariance matrix of

dimensionality. However, doing so introduces an intrinsic where the weights are usually taken tole= 1/cri2 [2].
correlation into the weighting matrix. This paper describes  Although P can be found by minimizingLS using
how to treat uncertain parameters and shows by examplestandard routines, it is more common to determine it by
how the correlation impacts the information, and thus the linearizing the problem as follows: Lt be the true value
precision of the estimated parameter, which can be gleanedof P and expand™(P) in a Taylor series abou? and retain
from an experiment. only the 1st order terms

T(P):T(ﬁ)—i—(%‘ﬁ)(P—ﬁ) (3)

Consider a transient experiment in which temperatures Substituting Eg. (3) into Eq. (2) and setting the derivative of
are measured at several locations as a function of time.LSwith respect toP equal to zero yields the equation
Let the temperature be expressed in terms of position, N . oFN 5 _
time, boundary conditions, initial conditions and properties p. 1= 1’5‘ + 2i=1 w’(W)|tf,P/(?’ — PP, B, 1)) (4)
by T = F(x,t,bc,ic, k, pc) where F is the solution of Z,N:lwi(g—?)lf 5,
the appropriate field equation. Those parameters which
are to be estimated from the measured temperatures willwhich when iterated to convergence will yieiif the errors
be represented by and the uncertain parameters By have zero mean. Although we now have a valuePofwe
B can include spatial location as well as properties, source have no estimate afs and Eq. (4) provides no mechanism
strengths, etc. For simplicity we will estimate only one for including correlated errors. To do this we must look at
parameter, although the method can easily be extended tdhe problem from a probabilistic point of view.
a vector of parameters.

The temperatures measured at timelenoted byr;, will
differ from those predicted by the deterministic model by
additive measurement noisg, according to

1.1. Parameter estimation

1.2. Probabilistic point of view—the Bayesian approach

Let the mean and standard deviatiorifobe represented

by
T, =F(P,B,1;) +¢ 1)
Estimation is usually done through the Least Squares ap-E[T]= / Tf(T)dt (5a)
proach in which we choose to be such that the weighted
sum of the squares of the errots, is minimized where 0= /(T E[T]) £(T)dT (5b)

wheref (T) is the probability density distribution @f. Sub-

N N
LS= 62 = A(T: — F(P, B, 1))? 2
;lw K ;w ( ( )) @ stituting the one term Taylor series, Eq. (3), into Eq. (5) and
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using the relationship between probability density distribu- where{T; — F(P, B, t;)} is the column vector of;. Maxi-

tions, f(T)dT = f(P)dP, yields mizing In(/(T)) is equivalent to minimizing
o2 = (E )Za% 6 L={Li-FPBuw) s ML-FP.Bm) (1)
oP |p

) N o Comparing Egs. (11) and (2) shows that the Maximum
Looking at Eg. (6) we see that the probability of finding a | jkelihood Principle with normally distributed independent
temperature in the rangel'dis simply the probability of errors (i.e., ¥ has no off-diagonal terms) is simply the
being_in the ranged i.e., f(T) = f(e), so that Eq. (6) can weighted Least Squares method with= 1/%2_.
be written as Minimizing L(T') may be quite difficult for complex

2 IF| \ 72 2 functions F, particularly if the errors are correlated or
9P = <ﬁ F) e (7) if the errors are not normally distributed. Using the one
Eq. (7) emphasizes that it is not the relationship of one data '™ Taylor series approximation fof with multivariate
point, T;, to another[;, that determines the precision Bf normally distributed errors it can be shown [5,6] tifahas
but the distribution of the errorg,(¢), their statisticsg, and the normal distributionV (P, Gﬁ) where
the sensitivity of the model t&, 9 F/0 P. o aF\T

It is reasonable to assume that the best estimat® of P =P +Gﬁ2(8_P) YT, - Fi(Py)) (12a)

is that value for which eitherf (P) is a maximum or for
which some measure of the consequence of an errBrim where the inverse of the standard deviation
minimized. Sivia [3] and Lee [4] give very good summatries < F>T l(aF)

and practical applications of the Bayesian approach. Let a§2=
f(T|P) represent the probability of obtaining the specific
readingsT’ given a value of the parameté¥ and f(P|T) is often called theprecision of P. If our prior for P
be the probability of the occurrence of a specific valu®of  assumes thaP is normally distributed withv (5, ¢), then
given a set of datd’. Bayes’ rule relating these conditional maximizing f (P|T), Eq. (8a), yields

probabilities is

(12b)

P P

~ _ aF\" _
F(PIT)f(T) = f(T|P) for(P) (8a) P=n+P +0§2(8—P> 7T - Fi(P)) (13a)
or where
F(PIT) o f(T|P)f(P) (8b) ai\T e\ 1
In EQ. (8) fpr(P) is the pri bability of P which 057 = <—> 2‘1(—)+— (13b)
. pr prior probability of P whic P 9P 3P P

reflects our initial estimate of the distribution 8f f(T|P) .

is called the likelihood and denoted byT'). Egs. (12a) and (13g) are iterated to convergence. Eg. (13)
In the Bayesian approact®, is chosen to be the value reduces to Eq. (12) i = co, the condition for no prior

of P which maximizesf(P|T). Eq. (8) permits the use Knowledge aboup.

of priors which reflect our existing knowledge aboBt

For example since conductivity must be positiye&k) = 0, )

k <0; f(k) > 0,k > 0. A state of maximal ignorance would 2~ Uncertain parameters

be if all that we knew abouf were that it was limited

by Pnmin < P < Pmax leading to the uniform prioyf (P) = Now consider the case where there is uncertainty about
1/(Pmax— Pmin). As long as the prior is relative flat nef the parametes. _The uncertain parametér clearly affects_
then £(P|T) will be maximum when(T) (= f(T|P)) is the solution, yet it is a parameter which we are not seeking.

maximum. It proves easier to deal with(ItT)) than with Such parameters are called ‘nuisance’ parameters and their
I(T), whose maxima occur at the same valueRof Thus effects are accounted for by integrating over all valueB of

Bayes’ approach reduces to to obtain the marginal prObabllltf(T|P) which is defined
as
P s defined by <w) =0 (9)
P P f(TIP)=/f(T,BIP)dB (14)
which is called the Maximum Likelihood Estimator (MLE). B

Substituting f (¢) for f(T) in Eq. (9) and assuming that 1t s ysyal to assume that the measurement errors are

the errors are multivariate gaussian with zero mean and aGaussian and uncorrelated. On the other haf@®) may
covariance matrix of', then take a number of forms, e.g., gamma, beta, uniform, lapla-
In(l(T)) S In(\/ﬁ) _ In(del(Z)) cian, or gaussian. Lacking specific information abuit
Ten is common to assume either that @&)is a constant but un-
—{T: - F(P.B.t)} 7T — F(P, B.1)} known for which £ (B) = constant (maximal ignorance) or
(20) (b) thatB is a random variable witlf (B) = N (B, ag) [14].
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The Taylor series in terms @t andB is Z, which is a direct measure of the precision of the
_ aT _ T B estimate?, was called the Information by Fisher [7]. The
T=T+ 3P (P-P)+ 3B (B—B)+e¢ (15) Cramér—Rao theorem states that for unbiased errors that

s B Eq. (17) is an upper bound to the precision [8]. In many cases

If ¢ andB are gaussian and are not correlated with each otherthe achievable precision is significantly less [5].

and if the temperature can be represented by Eq. (15) (i.e., when the errors are correlated, thBhis a full matrix
linear in both P and B), the joint pdf f(T', P, B) can be  of size N x N which for large sample sizes leads to

factored to yield computational expense and often makes the iteration of
. a7\ T . Egs. (12a) and (13a) slowly converging. When a parameter
f(T\P)=N(T, W)/N<A<£> o(T-T), A) dB is uncertain, Eq. (12b) shows that there are off diagonal
(16a) terms which must be recomputed at each step in the

aT;\ (9T, iteration. When there is no uncertainty fhhand the errors

Wi =028 + <8_B) (8—B]>6,§ (16b) are uncorrelated¥ is diagonal and each data point will

contribute to the reduction efs. But whenB is uncertain,
whereA*1=o§2+(8T/aB)Tcrg2(8T/aB).The result for the temperatures are correlated through the off-diagonal
B assumed to be a constant, but unknown, is found by settingterms of W and the precision of our estimat®, will be
op = o< in the expression foA but not in the expression for  reduced.
Wij.

]If the range ofB is wide enough aboug, the integral
is equal to unity, since the integral of a normal distribution 3, An example of an uncertain boundary condition
over the entire space is unity, and thfi& | P) is dependent
upon P only through the tern¥". However, if the range of Consider a one-dimensional problem with constant prop-
integration is limited, then the integral may be a function erties and time independent boundary conditions. The region
of P, and the differentiation required in Eq. (9) can be s g slab of thickness, an initial temperature of zero, with
exceedingly difficult. For a normal distribution, the integral -onvection to a zero temperaturexat 0 with a convective
is essentially unity if the range of integration extends from qefficient ofho, and atx = L a prescribed heat fluxQ.
B —30p 10 B+30p. Thus itwillbe required thatp be such e transient temperature history will be measured-at0
that this range is physically realizable. For example, since gnq; and the conductivity will be inferred from these mea-
the convective heat transfer coefficient must be positive, this ,;ements. The measured temperatures will be simulated
limits the uncertainty in: to be such thak — 30, > 0. by adding a zero mean, uncorrelated, gaussian noise with
Eq. (9) also requires a knowledge 6¢P). ¢/ Tmax Of 1% to the theoretical values based upon a flux

If P is assumed to be constant but unknownand B of OL/k =1 and a Biot number of 1 or 10. There is uncer-
are gaussian variables, and the errors have zero mga®,  yinty in the convective heat transfer coefficientat 0.

given by Fig. 1 depicts the information contributed by each tem-
5 aT " _q[oT perature reading as a function of sensor position and sam-
I=0p52%> {ﬁ} {ﬁ} (17) " pling time for an applied heat flux at= L when there is
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Fig. 1. Information contributed by each temperature reading as a function of sensor position and sampling time for a heat flux.applietbaBig = 10
andojy, = 0.
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Fig. 2. (a) Information contributed by each temperature reading for a heat flux applied Atfor Big = 10 andoy, /hg = 0.1. (b) Information contributed by
each temperature reading for a heat flux applied-atL for Big = 1 andoy, /hg = 0.1.

no uncertainty inz for Big = 10. The normalized steady informationis maximum and readings should not be taken at
state sensitivities at= L arekd7T /ok = —1 andhdT /9h = longer times where they contribute little to the precision of
—1/Bi so this experiment is a realistic one for estimating  the estimate of the conductivity.
Because the temperatures are uncorrelated, the total infor- Because of the low sensitivity thy whenBig = 10 the
mation is simply the sum of the information provided by conductivityk can be accurately estimated. However, this
each sampled temperature. From the figure it is clear thatlow sensitivity does not eliminate the correlation produced
the ideal sensor position is at= L and that the readings by o, shown in Fig. 2(a). When the sensitivity g is high,
should be taken at long times. In fadét,is a maximum at e.g., forBigp = 1, then not only is the information reduced,
steady state and has the valug.ofL?) Jo2. but it proves to be difficult to estimate The information

If there is uncertainty about the convection coefficient for Big = 1 is illustrated in Fig. 2(b) and a comparison with
at x = 0, the situation changes dramatically as shown in Fig. 2(a) shows how much the informationat L has been
Fig. 2(a). The information has been reduced by almost anreduced.
order of magnitude and, more importantly, now shows a  The computation of; andd7; /0B in Eq. (12) must be
definite peak in time. The rapid reduction in information done for each sampling time and assumed valuk. ¢for
after Fo = 1 and the essentially zero information at steady complex systems, the computation can be very expensive.
state is due to the correlation caused dyy. Clearly the If h is known precisely, then. reduces toLS whose
readings should now be concentrated rfeae 1 where the minimization requires only a line search over the possible
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Fig. 3. (a) Values oLS as a function ofk and # using 20 temperatures k/k
measured at = L at equal time increments froffo=0to 4.0 forBig =1 (b)
andoy, = 0. (b) Values oL Sas a function ok andh using 20 temperatures 160

measured at = L at equal time increments froffo= 0 to 4.0 forBig =1
andojy, = 0.
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values ofk. Furthermore, sincé is known, the integration 1<
in Eq. (16) is not needed. Whéris uncertain, then we must

not only perform the integrations, but must search over both 4,
k andh to find the minimum point. In addition, minimizing

L involves inverting W which, because it is a highly 0.60
correlated covariance matrix due to the term invohéngn

Eq. (12b), may be ill-conditioned. Because of the expense of
the computations, it is of interest to determine how strongly
the value ofh affects the results. Fig. 3(a) depicts the
variation ofLSwith k andz when the effect of a variable

is ignored (i.e.g;, = 0). The contours, displayed underneath Fig. 4. (a) Values ofL as a function oft and & using 20 temperatures

. . . measured at = L at equal time increments from féo = 0 to 4.0 with
the surface, are shown in Fig. 3(b) with the locus of the on/ho = 0.1. (b) Locus of minimum values df as a function ok andh

1.40 1.60

minimum values ofLS i.e., the values ok for each#, using 20 temperatures measuredrat L at equal time increments from
displayed. It is seen that the estimated valug eéries very Fo=0 to 4.0 withoy, /hg = 0.1. (c) Locus of minimum values of as a
strongly with#. function ofk andk using 20 temperatures measured at L at equal time

Let us examine what happens when we minimize ~ ncréments ffonFo=0to 2.0 withay, /ho = 0.1.

where W includes the uncertainty in. Fig. 4 illustrates

this behavior.k is now weakly dependent on the value A noticeable improvement occurs when sampling is re-
of h, although there are small differences in accuracy as stricted to times of maximal information, Fig. 4(c). Esti-
a function of sensor position and time. All of the figures matingk using the correct value df yields accurate val-
depict equal contour levels. Using temperatures measured aties ofk when usingW or X (i.e., ignoringoy,). However,
long times, Fig. 4(b), clearly shows the degrading effect of when# is incorrectly specified, the two methods differ sub-
measurements taken when the information content is low.  stantially as shown in Table 1. It is only when data with the
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Table 1 , (OT\? , (1/02T\?> 3T 33T\ ,

Statistics for estimation df usingh = 1.1k or = (ﬁ) op <§ < W) + 9P W)a‘” (18b)

X Fo kL kis %, %s 1st order estimate of bias

L 0-8 1.025 0.927 1.38 0.23 = —— :

L 0-4 1010 0.942 112 0.30 where theT represents evaluation & and the underlined
L 0-2 1.000 0.967 1.05 0.42 terms are estimates of the bias. The bias is a functiarpof
0 0-8 0.932 1.726 3.90 9.21 and can be ignored for small valuesxf.

0 0-4 0.964 1.507 3.37 4.90 However, if £(P) is strongly non-Gaussian, even rela-
0 0-2 0.990 1.240 3.51 2.74

tively small values of randomness leads to bias. As an exam-
ple, consider steady state one-dimensional heat conduction
highest information content, @ Fo < 2, are used that ig-  through a slab of thickness with an electrical heater pro-
noring the correlating effect ef, leads to acceptable values  viding a heat fluxy o i2R atx = 0 and a constant tempera-
of k. Onthe other hand, the useWfproves satisfactory over  tyre atx = L. The conductivity can be estimated from

a wide range of data. The table also lists estimates obtained

using data at = 0. There is so little information available , _ 4L i’RL
atx =0, so little that it is barely discernable on Fig. 2(b) =~ AT = AT

and 2(c), that the analysis must be restricted to times of high- gecause of the non-linear form of Eq. (19), especially with
est information and even then, the result is unacceptable.rggpecttor 7, the distribution ok will not be normal even if
Ignoring the correlating effects of, also substantially over- A7 andq are normally distributed. Assuming that the mean
estimates the precision as shown by the valueg ér mea- values of AT, ¢ andi are unity and thata7 = o, or that

surements made at= L. _ . _ oar = o, the underprediction of:[k] ando; by the one
The very good results obtained from the maximum likeli- o, Taylor series approximation are shown in Fig. 5.
hood principle using¥ from Eq. (12b) and measuring tem-

peratures at times of maximal information, are typical of the
different problems that we have examined. These problems
involved 1 and 2-D temperature calculations with uncertain-
ties in convective heat transfer coefficients, ambient temper-
atures, surface emissivity, applied heat fluxes, specific heat
capacities, and sensor locations.

(19)

1.10

1.08

)

1.06

Mean (k

3.1. Errorsdueto linearization and correlated errors Lo

Two common sources of inaccuracies in evaluating the
statistics of? are the linearization of the response and the 1.02
presence of correlated errors. Appropriately accounting for
these requires intensive computations.

The effective use of the maximum likelihood principle 0.00
in determiningﬁ and op requires that the response be
linearized, Eq. (3). Ignoring the higher order terms typically
gives rise to biased estimators of both and op [9]. If 130
a sufficient number of data points are available, then the
ML estimator is asymptotically unbiased. Probably the most
commonly encountered biased estimator is the estimate of
the standard deviatio@fvzl(Ti — E[T1)2/N. The correct
value isY" ,(T; — E[T])?/(N — 1) and asN — oo the
bias disappears.

For complex functionsF (P, B) which are non-linear
with respect toP, the bias is caused by (a) neglecting the
higher order terms in the Taylor series expansion and (b)
because functions of gaussian distributions, efgR), are
not gaussian. If the 2nd order terms are included in the
Taylor series and the distribution &f is gaussian, the 2nd
order estimates of the statistics are ()

LA L I L L B B

0.25

o(k)

0.25

E[T] = T 1— 92T o2 (18a) Fig. 5. (a) Ratio of the true mean to that obtained from the one term Taylor
- 2q9p2° F series. (b) Ratio of the true standard deviation to that obtained from the one

~ . term Taylor series.
1st order estimate of bias
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The error in estimating is relatively small for reasonable  actly, compare with Fig. 1. Even small amounts of correla-
values ofo. However, for accurate estimates ef one tion, 0.5, have a strong negative effect on the precision of
should limit the standard deviations in the variables to no k.
more than 10% of the mean values. The stronger effect
on the case whergé « 1/AT is becausef (1/AT) is far
from gaussian aa 7 becomes large relative ta7'. In the 4. A real experiment
other two cases, the effect of the gaussian distributions of
the variables in the numerator tends to ameliorate the effect The results presented up to now have used a simulated
of the denominator. The only correct way to account for experiment. Let us look at a real experiment. Blackwell et al.
the non-linearities is by evaluating(P) and determining  estimated the conductivity of stainless steel by measuring
the value of P which maximizesf after integrating over  the temperatures in a thin hollow tube of length. Zull
all nuisance variables. This almost always requires Monte details are given in Ref. [10] but a brief description is
Carlo simulation or numerical integration [9], even for the given here. The tube was installed in an evacuated chamber
simplest problems, since very few are problems amenableand space insulation covered the outer surface of the tube
to analytical solutions. (Even evaluating the statistics of and filled the hollow interior to minimize losses from
f(1/AT) is difficult.) the surfaces and to create a one-dimensional temperature

Similar computational problems exist when the errors are field. The ends of the tube were heated by a fluid which
correlated. Consider the estimation/ofor the slab with a  flowed through serpentine channels in copper end blocks.
prescribed heat flux when the temperatures are read at a higltemperatures were measured at 14 equally spaced axial
sampling rate and the data acquisition system introduces arlocations each with 4 thermocouples equally spaced about
error. Let the covariance matrix of the errors be given by the circumference. The thermal model of this system by

1 0 % ... pN which the thermal conductivity can be estimated would have
P 1 o ... pN1 the circulating fluid temperature as the boundary conditions
=02 . . —_— . (20a) and would include the thermal characteristics of the copper

’ ) ) end blocks, the convection coefficients in the serpentine
NNt 1 channels and the contact resistance between the end blocks
which is representative of many measurement systems with aand the hollow tube. But lacking full details of these
damped response. This matrix can be easily inverted to give characteristics means that the system cannot be modeled. If
1 1-p a heat flux gauge were mounted at the ends of the tube, or
I= —2[1+ (N - 1)<—>} (20b) if the flux could be estimated, then the problem could be
o 1+p . - .
) o ) ) considered as having a known flux history as the boundary

Although more readings will increase the information cqngitions. Alternatively one could view the inverse problem
content of the experiment and thus increase the precision,g the simultaneous estimation of both the heat flux history
of k regardless of the value of, the rate of information 51 the thermal conductivity. Because the time history of the
increase is dramatically slowed whgn> 0. A value of  qxes s difficult to obtain, as demonstrated in by Beck [11,
p = 0.5 means that each additional reading contributes only 12], Blackwell et al. developed a novel approach in which
(1/3)rd as much information as that contributed when the 14 time varying temperatures measured at the enes L
errors are uncorrelated. _ were taken to be the prescribed end boundary conditions
_ Fig. 6 llustrates how the degree of correlation affects the 5 the temperature histories computed using a finite volume
information for our example problem whénis known ex- e The measured transient temperatures were then fitted

12000 to the numerically computed temperatures as a functidn of
x andr and the conductivity estimated using the usual least
squares equation, Eqg. (2).

Alternatively one can use the measured temperatures in
conjunction with reported conductivities to estimate the heat
flux history and then estimate based upon a prescribed
boundary heat flux history—this will of necessity involve
iterations. Fig. 7 shows the average of the circumferential
temperatures measured at eadocation and the estimated
heat flux. Fig. 8 shows the sensitivitigsl' /dk for the two
models. The sensitivities for the temperature boundary con-
‘ dition increase monotonically with time and axial position

Fo while those for the prescribed flux model decay at long times
Fig. 6. Effect of correlated errors in the temperatures measureekat on and are in general less than thos.e for the temperaturk
the information for a prescribed heat fluxxat L, with k =1, L = 1 and would appear to be better to estimateising the tempera-
Bi=1atx=0. ture bc model, but doing so means that the datacrat L
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Fig. 9. Information content of the two models for no uncertaintidn
cannot be used to estimate Thus there are fewer sensors,
but greater sensitivity for the temperatiniemodel than for  smooth, the standard deviation of the temperature-atZ
the fluxbc model. On the other hand, the flux model requires s of the order of 0.077 C. Let us evaluate the effect of these
that an iterative process be used to estimate simultaneoushrrors in the boundary conditions.
the flux and the conductivity. Let b; be the value of the boundary condition (tempera-

The temperatures read showed high degrees of autogyre or heat flux) at time . Then following the development
and cross correlation. The 4 circumferential temperatures of £q. (12), we obtain

showed a cross correlation coefficient greater than 0.99
and sensors symmetric in had values greater than 0.98. W = X + [Fb] cowb)[Fb]"
The 7 axial stations showed no cross correlation. Thus therl_j = 9F(1;)/9b; (21)
14 x 4 sensors provided information equivalent to 7 sensors
with uncorrelated errors. In addition, each axial station For M sensors, each wittv readings,Fbis a NM x N
showed considerable auto correlation wjth> 0.5 which matrix andW and X are NM x N M. For this experiment,
diminished their information content. Care must be takenin M = 7 and N = 500, and the evaluation dfb and the
extracting the intrinsic statistics of the error, not confusing inverting of W involve considerable computational expense.
them with those of the residuals. General methods are Fortunately, the different axial sensors show little cross
suggested in Refs. [13] and [14] and the details for the correlation and the total information is simply the sum of the
treatment of this experimental data are given in Ref. [15]. information from the individual sensors. Thus, treating each
Fig. 9 shows the information content of the two models and it sensor individually involves matrices of sizex N only.
appears that, as suggested by Blackwell, that the temperature The results of using Eq. (21) are shown in Fig. 10 where
bc model is to be preferred. we see that the two models yield comparable estimates
However, Fig. 9 is based upon no uncertainty in the of o;. These results are markedly different from those shown
boundary conditions. The errors in the heat flux are easi- on Fig. 9 where the effect of uncertainty in tibe was
ly seen in Fig. 7(b) and have a standard deviation of not considered and emphasizes the need to consider all
42 wattsm~2. Although the temperatures appear to be uncertainties in estimating parameters.
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Fig. 10. Information content of the two models when the uncertainty in the —

boundary condition is considered. <

5. Conclusions

Itis critical to distinguish between the estimated valBe,
and the estimate of its standard deviatiep,. P is found 0 100 o 300 400 500 600 700 800
from Eq. (4) and is primarily a function of the dat@,, Time (sec)
and in general for reasonable accuracies in measurements,
is weakly dependent upon the sensitivities,/d P. Thus if Fig. 11. Increment of_i_nfor_mation_of the two models when the uncertainty
two different modelsFi(P, B1) andF»(P, By) yield similar ™ e boundary condition is considered.
predictions of the temperature and if the errors are small,
both models will yield approximately equal values Bt sizing the need to consider all uncertainties inherent in the
This is true because the only effect of the sensitivities is Mmodels. It might be thought to be intuitive that since the flux
to redistribute the weights. On the other hand, if the errors Was derived from the measured temperatures that the preci-
are large, then the two models will produce substantial sions of the two models would be the same. However unless
differences inP. Table 2 lists the different values of the the flux can be accurately estimated, the resulting values of
estimated conductivities and those taken from Refs. [10] k can be expected to differ. The tabulated values show that
and [13] considering only the uncertainty in the experiment. the several estimates éfare within the expected:30. No

In reality, sincepc must be assumed to derivethe full estimate ob; was made when the flux was derived from the
uncertainty ink must be increased by the uncertaintygn temperaturebc simulation because of its difficulty and the
and the specific heat. unlikeliness that this method would be used in reality.

The value shown as derived from the measured tempera- If the experimental boundary conditions were a pre-
tures was found by an energy balance on the measured temscribed flux, the higher sensitivity of the temperatiae
peratures. Because the first two thermocouples are relativelymodel suggests that the experiment should be analyzed using
far apart, 13% of the length of the cylinder, the flux estimates & measured temperature as a boundary condition. Of course
are only approximate particularly at the early times when if only a few temperatures are recorded, the loss of the data
the temperature has not penetrated far. As a consequenc#0m one sensor to be used for the boundary condition could
the temperatures near= L at early times have the great- resultin a significant loss of information.
est errors. This when coupled with the sensitivity of the flux ~ The increment of information corresponding to Fig. 10
bc model, which is greatest at= L (Fig. 8), produces the is illustrated in Fig. 11 and illustrates the time value of the
greatest inaccuracy i The flux determined from the tem-  data. In this experiment it is clear that as time proceeds
perature history simulated using the measured temperaturghe information due to each additional reading diminishes
bc, whose close nodal spacing gives a good representatiorsubstantially—similar to Fig. 1—and should be considered
of the temperature near= L, yields a much closer valueto  when planning the experiment.
that estimated using the temperatbeeas expected.

In contrast toP, the precision is a function not of the
data, but only of the model and the statistical characteristics Acknowledgements
of the errors. Thus the higher sensitivity of the temperature
bc model recommends its use. However, when both the auto-  The author wishes to gratefully acknowledge Dr. Black-
correlation and the uncertainties in the boundary conditions well’s contribution of the raw data and the technical discus-
are included, both models yield equivalent results — empha- sions held with him and Dr. K. Dowding.
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